We calculate the twisted Hochschild and cyclic homology and cohomology (as defined by Kustermans, Murphy and Tuset) of both the quantum group SLq(2) and the compact quantum group SUq(2), for a specific automorphism that arises naturally from the three-dimensional left covariant differential calculus over SUq(2) discovered by Woronowicz.
Introduction
Cyclic homology and cohomology were discovered by Alain Connes (and independently by Boris Tsygan) in the early 1980's [Co85] , and should be thought of as extensions of de Rham (co)homology to various categories of noncommutative algebras.
Quantum groups also appeared in various guises from the early 1980's onwards, with the first example of a "compact quantum group" in the C*-algebraic setting being Woronowicz's "quantum SU (2)" [Wo87a] . The noncommutative differential geometry (in the sense of Connes) of the quantum SU (2) was thoroughly investigated by Masuda, Nakagami and Watanabe in their excellent paper [MNW90] . They first calculated the Hochschild and cyclic homology and cohomology of the underlying algebra of the quantum SL(2), and then extended this work to the topological setting of the unital C*-algebra of "continuous functions on the compact quantum group SU q (2)", in addition finding the K-theory and K-homology of this C*-algebra. In particular they found an explicit free left resolution of quantum SL(2), which we rely on for the main calculations of this paper.
Twisted cyclic cohomology was discovered by Kustermans, Murphy and Tuset [KMT03] , arising naturally from the study of covariant differential calculi over compact quantum groups. Given an algebra A, and an automorphism σ, they defined a cohomology theory relative to the pair (A, σ), which on taking σ to be the identity reduces to the ordinary cyclic cohomology of A. Viewed this way, twisted cyclic cohomology generalizes the very simplest and most concrete formulation of cyclic cohomology (as described, for example, in [Co85] p317-323), however it was immediately recognised that it fits happily within Connes' much more general framework of cyclic objects and derived functors [Co83] .
Although twisted cyclic cohomology has many nice properties, not least its natural connection with covariant differential calculi, to the best of my knowledge no explicit calculations of interesting and nontrivial examples have appeared in the literature. This paper fills this gap. Starting with a specific automorphism which arises from Woronowicz's three-dimensional left covariant differential calculus over quantum SU (2), we calculate the twisted Hochschild and cyclic homology and cohomology of the underlying algebra of quantum SL(2). The results are markedly different from the untwisted case. Both twisted Hochschild and cyclic homology and cohomology are finite dimensional in all degrees (we exhibit the generators), whereas in the untwisted case the lowest degrees are infinite dimensional. Furthermore, the dimension of the twisted periodic cyclic cohomology is 2 in even degree and 4 in odd degree, whereas in the untwisted case [MNW90] both even and odd periodic cyclic cohomology are 1-dimensional. These results extend to the topological setting of appropriate dense subalgebras of the unital C*-algebra corresponding to the compact quantum group SU q (2).
A summary of this paper is as follows. In section 2 we recall the definitions of twisted Hochschild and cyclic homology and cohomology. In section 3 we define the underlying algebras of the quantum group SL q (2) and the compact quantum group SU q (2). In section 4 we calculate the twisted Hochschild and cyclic homology and cohomology of SL q (2), relative to the automorphism arising from Woronowicz's three-dimensional left-covariant differential calculus over SU q (2) [Wo87a] , and finally in section 5 we extend these algebraic results to the topological setting of SU q (2).
Twisted cyclic cohomology
Twisted cyclic cohomology arose from the study of covariant differential calculi over compact quantum groups. This is very clearly explained in [KMT03] . We will recall the basics.
Let A be an algebra over a field k. Given a differential calculus (Ω, d) over A, with Ω = ⊕ N n=0 Ω n , Connes considered linear functionals : Ω N → k, which are closed and graded traces on Ω, meaning
Connes found that such linear functionals are in one to one correspondence with cyclic N -cocycles τ on the algebra, via τ (a 0 , a 1 , . . . , a n ) = a 0 da 1 da 2 . . . da n and this led directly to his simplest formulation of cyclic cohomology [Co85] . In the theory of differential calculi over compact quantum groups, as developed by Woronowicz in [Wo87a] , [Wo87b] , the algebra A is now equipped 
for some degree zero automorphism σ of Ω. In particular, σ restricts to an automorphism of A, and, for any a ∈ A, ω N ∈ Ω N we have
Hence for each left covariant calculus there is a natural automorphism of A.
Motivated by this observation, Kustermans, Murphy and Tuset [KMT03] defined "twisted" Hochschild and cyclic homology and cohomology for any pair (A, σ) of an algebra A and automorphism σ. We now recall their definitions. Throughout we will assume that the underlying field k is of characteristic zero.
Twisted Hochschild homology
Let M be an A-bimodule. Taking
we define the σ-twisted Hochschild boundary
is a complex, and the σ-twisted Hochschild homology of A (with coefficients in M) H * (A, M, σ) is defined to be the homology of this complex.
Twisted Hochschild cohomology
Define the σ-twisted Hochschild coboundary
The σ-twisted Hochschild cohomology of A (with coefficients in M) H * (A, M, σ) is defined to be the cohomology of the complex {C n (A, M), b σ } n≥0 .
Interpretation as derived functors
Let M be an A-bimodule. We can interpret twisted Hochschild homology and cohomology of (A, σ) with coefficients in M as derived functors as in [Lo98] :
Here A e = A⊗ A op , where A op is the opposite algebra of A. In (2), M σ denotes the right A e -module given by the same underlying abelian group as M, with
In (3), σ M denotes the left A e -module given by the same underlying abelian group as M, with
while in both (2) and (3), A is a left A e -module via
This observation enables us to calculate the twisted Hochschild homology and cohomology of quantum SL(2), using the free resolution of Masuda, Nakagami and Watanabe [MNW90] that I will describe in Section 3.
Twisted cyclic homology
, and define the twisted cyclic operator
restricts to a mapping
The σ-twisted cyclic homology HC * (A, σ) is defined to be the homology of the complex {C
Twisted cyclic cohomology
. Define the twisted cyclic operator
. . , a n ) = (−1) n φ(σ(a n ), a 0 , a 1 , . . . , a n−1 ) and we define C
The σ-twisted cyclic cohomology HC * (A, σ) is defined to be the cohomology of the complex {C
3 Quantum SL(2) and quantum SU (2)
We follow the notation of Masuda, Nakagami and Watanabe [MNW90] . Let k be a field of characteristic zero, and q ∈ k some nonzero parameter. We define the coordinate ring A(SL q (2)) of the quantum group SL q (2) over k to be the k-algebra generated by symbols x, y, u, v subject to the relations ux = qxu, vx = qxv, yu = quy, yv = qvy, vu = uv (7)
Hence a Poincaré-Birkhoff-Witt basis for A(SL q (2)) consists of the monomials
It is well-known how to equip this algebra with the structure of a Hopf algebra, but this will play no role in the sequel. Specializing to the case k = C, we define a *-structure:
where we now assume that q is real, and 0 < q < 1. Writing α = y, β = u, we find that the relations (7), (8) become
We define A f to be the unital *-algebra over C (algebraically) generated by elements α, β satisfying the relations (9), (10), and the algebra A = C(SU q (2)) of "continuous functions on the quantum SU (2)", to be the C*-algebraic completion of A f .
Returning to A = A(SL q (2)), we define A e = A ⊗ A op , where A op is the opposite algebra of A. Masuda, Nakagami and Watanabe gave an explicit resolution of A,
In section 4 we use this resolution to calculate the twisted Hochschild homology and cohomology of SL q (2), and hence via Connes' long exact S-B-I sequence, the twisted cyclic homology and cohomology also. In section 5 we extend these results to the C*-algebraic setting of quantum SU (2).
4 Twisted Hochschild and cyclic homology and cohomology of SL q (2)
From (1) the automorphism σ associated to Woronowicz's left-covariant three dimensional calculus over SU q (2) is [KMT03] , p22:
This corresponds to the automorphism on SL q (2)
We will now calculate twisted Hochschild and cyclic homology and cohomology of A = A(SL q (2)) relative to this automorphism.
Hochschild homology
In the untwisted situation [MNW90] , the Hochschild homology H * (A, A) is infinite-dimensional in degrees zero and one, and then vanishes for higher degrees. The twisted situation is simpler:
so [1] = 0. So we must have l = 4. In which case
Hence 
Proof: For the Masuda-Nakagami-Watanabe resolution, we have
Here {e v , e u , e x , e y } is the given basis of M 1 as a free left A e -module of rank 4, and we are treating A as a right A e -module with module structure given by (4). Hence
We also have
where {e v ∧ e u , . . . , ϑ
T } is the given basis of M 2 as a free left A e -module of rank 7. So
Then a straightforward calculation shows that modulo im(d 2 ), all solutions of
are of the form
where λ 1 , λ 2 , λ 3 , λ 4 are scalars. Hence ker(d 1 )/im(d 2 ) is spanned (as a vector space) by
These correspond to the twisted Hochschild 1-cycles
By pairing with the twisted Hochschild 1-cocycles of Proposition 4.5 we see that these cycles are linearly independent, and are therefore a basis for
Lengthy but straightforward calculations show that, just as in the untwisted case, all the higher twisted Hochschild homology groups vanish:
Hochschild cohomology
The results for twisted Hochschild cohomology are dual to those for twisted Hochschild homology, and again simpler than in the untwisted situation. Proof: For any A-bimodule M,
Evaluating f on the P-B-W basis, we see that first of all
Hence f (x l u m v n ) = 0 unless n = 0. In the same way
The proof for f (y l u m v n ) proceeds in the same way.
We see that if we define f 1 , f 2 ∈ A * by f 1 (x 4 u 2 ) = 1, f 2 (y 4 v 2 ) = 1, and take f 1 , f 2 to vanish on all other P-B-W monomials, then since from Lemma 4.1 x 4 u 2 , y 4 v 2 are nontrivial linearly independent generators of H 0 (A, A, σ), then f 1 , f 2 are nontrivial linearly independent elements of H 1 (A, A * , σ) and are in a fact a basis. 2 
for all a 1 , a 2 , t ∈ A. Putting a 1 = 1 = a 2 gives φ(1)(t) = 0 for all t, i.e. φ(1) = 0. It is easy to see that for any a ∈ A, and any n ≥ 0,
where for n = 0 we interpret the right hand side as the "empty sum" and equal to zero. It follows that
Hence any φ ∈ H 1 (A, A * , σ) is uniquely determined by the four elements φ(v), φ(u), φ(x), φ(y) ∈ A * . Further, for any a, b ∈ A, we have
So if ba = qab we have
We apply all this to the defining relations (7), (8) of A(SL q (2)).
1. The relation vu = uv gives
2. The relation ux = qxu gives
3. The relation vx = qxv gives
4. The relation yu = quy gives
5. The relation yv = qvy gives
6. The relations xy − q −1 uv = 1, and yx − quv = 1 give φ(yx) = q 2 φ(xy), since φ(1) = 0, and hence
It follows that
Cyclic cohomology
The results for twisted cyclic cohomology are dual to those for twisted cyclic homology. Again, we discover the surprising fact that twisted cyclic cohomology is finite-dimensional in all dimensions, in contrast to the untwisted case [MNW90] , where HC 0 (A) is infinite-dimensional. Furthermore, HC n (A) ∼ = k for all n ≥ 1, whereas we shall see that the twisted situation has several more interesting cyclic cocycles. Proof: A σ-twisted 0-cocycle on A is simply a linear functional τ :
for all a 1 , a 2 ∈ A. Hence the proof is identical to that of Lemma 4.4. If we define twisted 0-cocycles τ 1 and τ 2 via
it follows from Lemma 4.7 that τ 1 and τ 2 are nontrivial linearly independent elements of HC 0 (A, σ), and in fact form a basis. 2 satisfying the Leibnitz rule ∂(ab) = ∂(a)b + a∂(b). If τ : A → k is a trace, i.e. τ (ab) = τ (ba) for all a, b, and ∂ is a derivation with τ • ∂ = 0, then
is a cyclic 1-cocycle on A. For each t ∈ A, there is a corresponding inner derivation ∂ t , defined by ∂ t (a) = at − ta. We note that in (45), if ∂ is an inner derivation, then for any cyclic 1-cycle a ∈ A ⊗ A, then φ(a) = 0.
For the unital C*-algebra A(SU q (2)), all globally defined derivations must be inner [Co85] , p348 (the same holds for arbitrary nuclear C*-algebras). Instead we look for derivations of the dense smooth subalgebra A ∞ (SU q (2)). There are two obvious unbounded (and hence non-inner) derivations on A ∞ :
∂ 2 (α) = 0 = ∂ 2 (α * ), ∂ 2 (β) = β, ∂ 2 (β * ) = −β *
These provide all the non-inner derivations: Since none of our later results depend on this theorem (which I believe is already well known) we will not provide a proof here, although it is straightforward.
We would like to manufacture twisted cyclic 1-cocycles from derivations. We can generalise (45) in at least two ways to the twisted situation: Given t ∈ A, we define the σ-twisted inner derivation ∂ t : A → A by ∂ t (a) = at − tσ(a). Again we note that if ∂ is an σ-twisted inner derivation, and φ defined as in Lemma 5.2 or 5.3, then for any σ-twisted cyclic 1-cycle a ∈ A⊗A we have φ(a) = 0.
Returning to A ∞ (SU q (2)), and our favourite automorphism σ, (11), (12) we have the following easy but negative result:
